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In this paper we study the relationship between the Jacobson radical, the 
nil radical, and the left and right singular ideals in rings satisfying certain 
chain and annihilator conditions. Let R be a ring (not necessarily having an 
identity). The Jacobson and nil radicals of R will be denoted by J(R) and 
N(R), respectively, or simply by J and N when the context is clear. If A c R, 
the left annihilator of A will be denoted by E(A) and the right annihilator of 
A by t(A). If x E R we will denote the left annihilator of (x) by simply t(x) 
rather than [(Ix)). We shall also write &(I) rather than t(&(Z)) for a given 
subset i of R. The left singular ideal is defined to be (x: t(x) is an essential 
left ideal of R} and will be denoted by Z,(R) or simply Z,; the right singular 
idea1 is defined analogously and will be denoted by Z,(R) or simply by Z,. 
Following notation used in 141, we will denote the principal right ideal 
generated by x as xR’, whereas xR will denote (XT: r E R}. R’x and Rx are 
defined in an analogous fashion. 
In Section 1 we show that in a right Noetherian ring an ideal A is 
nilpotent if C(A) is an essential left ideal. We then deduce as a corollary that 
Z, must be nilpotent in a right Noetherian ring. We also show that if every 
principal right idea1 is a right annihilator and if R is right Noetherian or 
satisfies the maximum condition on left annihilators, then J is nilpotent. In 
Section 2 we prove that the left and right singular ideals of R/N vanish if R 
satisfies the maximum condition on left annihilators, thus generalizing a 
theorem due to Fisher (41. 
1. NILPOTENT IDEALS 
As stated above, we do not assume that R has an identity. We first give a 
sufficient condition for an idea1 to be nilpotent in a right Noetherian ring. 
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THEOREM 1.1. If R is right Noetherian and if A is an ideal of R for 
which I(A) is an essential left ideal, then A is nilpotent. 
Proof. Since R is right Noetherian, we can choose a positive integer k 
such that L(Ak) = ((Akim) for all positive integers m. Since ((A) is an 
essential left ideal and I(A) c c(Ak), P(Ak) must also be an essential left ideal. 
Assume A is not nilpotent. Then R/((Ak) is nonzero, for if I(Ak) = R, then 
Akt’ = 0. Since R is right Noetherian, R/I(Ak) is right Noetherian; thus, 
among all the nonzero elements in R/C(Ak), we can choose an element 
x + I(Ak) whose right annihilator is maximal in the collection of right 
annihilators of nonzero elements of R/E(Ak). 
Now if xAk G C(Ak), then xAZk = 0, and, since f(A2k) = i(Ak), we would 
have x E c(Ak), contrary to our assumption that x + L(Ak) is nonzero. Hence 
there is an element b in Ak such that xb 6S L(Ak). Now since ((Ak) is an 
essential left ideal, R’xb n C(Ak) # 0; thus there is an element y in R and an 
integer n for which nxb + yxb is a nonzero element of L(Ak). Since 
(nx + yx)b E i(Ak) and xb @ L(Ak), 4(x + C(Ak)) is a proper subset of 
t(nx + yx + l(Ak)); furthermore, nx + yx + f(Ak) is nonzero, for if 
nx + yx E c(Ak), then (nx + yx)b = 0. These statements contradict the 
maximality of +(x + f(Ak)). 
We include the following result for completeness. 
THEOREM 1.2. If R satisfies the maximum condition on right 
annihilators and if A is an ideal of R for which t(A) is an essential right 
ideal, then A is nilpotent. 
Proof: Since t(A) is an essential right ideal, 14 (A) E Z,. But in a ring 
with the maximum condition on right annihilators, Z, must be nilpotent 
[ 121; hence, since A c 1.2(A), A must be nilpotent. 
In light of Theorem 1.2 it is natural to ask whether Theorem 1.1 would 
remain true if “right Noetherian” were replaced by “maximum condition on 
right annihilators.” The following example, due to Bjork [ 11, shows that the 
answer is no. 
EXAMPLE. Let F[x,, x1 ,...I be the free ring over the field F with two 
elements. Let C be the ideal generated by x0x,, and all elements of the form 
XkXi,Xi2 . . * xi,, where k is a positive integer and i,,..., i, are nonnegative 
integers. Let R = F[x,, x1 ,... l/C. Then R satisfies the maximum condition on 
right annihilators. However, if we let A be the ideal generated by the 
elements of (x, + C, x, + C,...}, then f(A) is an essential left ideal and yet A 
is not nilpotent (indeed, (x~x~~)~ 6? C for each positive integer k). 
It was stated above that Z, is nilpotent in a ring which satisfies the 
maximum condition on right annihilators. The following shows that if R is 
right Noetherian, then Z, must be nilpotent as well. 
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COROLLARY 1.3. If R is right Noetherian, then Z, is nilpotent. 
Proo$ Since R satisfies the ascending chain condition on right 
annihilators, R satisfies the descending chain condition on left annihi- 
lators. Hence there are elements x, ,..., x, in Z, for which 
E(Z,) = qx,> n * * * ne(x,). Since the intersection of finitely many essential 
left ideals is essential, t(Z,) is essential. The desired conclusion then follows 
immediately from Theorem 1.1. 
In the example given above, Z, =A and hence Z, is not nilpotent. 
Therefore “right Noetherian” cannot be weakened to “maximum condition 
on right annihilators” in Corollary 1.3, either. 
The right socle of a ring is defined to be the sum of all minimal right 
ideals. The right socle is always an ideal of R. 
It is well-known that the Jacobson radical of a right Noetherian ring need 
not be nilpotent. In fact, Kurshan [lo] gives an example of a right 
Noetherian ring in which the right socle is an essential right ideal and J is 
not nilpotent. However, if the right socle of a right Noetherian ring is an 
essential left ideal, then, since L(J) always contains the right socle, l(J) is an 
essential left ideal. It then follows from Theorem 1.1 that J must be nilpotent. 
We have proved the following result. 
COROLLARY 1.4. If R is right Noetherian and the right socle is an 
essential left ideal, then J is nilpotent. 
The next result follows in a similar manner from Theorem 1.2. 
COROLLARY 1.5. If R satisfies the maximum condition on right 
annihilators and if the left socle is an essential right ideal, then J is nilpotent. 
We next study rings in which each principal right ideal is a right 
annihilator, i.e., &(xR ‘) = XR ’ for each x in R. Rings which satisfy this 
condition have been studied by Koh [ 111, Ikeda and Nakayama [8], and 
Bjork 121, among others. All left self-injective rings (with identity) satisfy 
this condition. In fact, Ikeda and Nakayama [8] have shown that a ring R 
with identity satisfies this condition if and only if every left R-module 
homomorphism from a principal left ideal of R into R can be extended to a 
left R-module homomorphism from R into R. Now a ring with identity is 
quasi-Frobenius if and only if R is right Noetherian, every principal right 
ideal is a right annihilator, and t(Z, f7 I,) = /c(Zr) + k(Z2) for every pair of 
left ideals I, and I, [9]. It is well-known that J must be nilpotent in a quasi- 
Frobenius ring (indeed, a quasi-Frobenius ring must be Artinian on both 
sides). We will show that J must be nilpotent if R satisfies the first two of the 
above three properties which characterize quasi-Frobenius rings. We 
continue to assume that R need not have an identity. 
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THEOREM 1.6. If R is right Noetherian and if every principal right ideal 
is a right annihilator, then J is nilpotent. 
Proof. We will show that e(J) is an essential left ideal and apply 
Theorem 1.1. Let y be a nonzero element of R ; we will show that 
R’y n f(J) f 0. Since 0 = &(O) = k(R), y @ 4(R). Consequently, we can 
choose an element k E R such that ky # 0 and ,b(ky) is maximal in 
(*(fy): t E R and ty # 0). We interrupt the proof of the theorem to prove the 
following lemma. 
LEMMA 1.7. If kyc f 0, then kycR’ = kyR’. 
Proof. Assume that kycR’ is a proper subset of kyR ‘. Then f(kyR ‘) is a 
proper subset of f(kycR’), for if f(kyR’) = f(kycR’), then, taking right 
annihilators, we obtain kyR’ = kycR’. So pkyc = 0 and pky # 0 for some 
p E R. Since kyc # 0 and pkyc = 0, k(ky) is properly contained in h(pky). 
Since pky # 0, this proper containment contradicts the maximality of h(ky). 
We now return to the proof of Theorem 1.6. If b E f(J), we have the 
desired conclusion. If ky Q f(J), then kyb # 0 for some b E J. By Lemma 1.7 
we conclude that kybR’ = kyR’. We claim that kyR’ is a minimal right ideal. 
Assume zR’ is properly contained in kyR’. Then z = rnkyb + kybt for some 
integer m and t in R. So z = ky(mb + bt), and it follows from Lemma 1.7 
that z = 0. Hence kyR’ is a minimal right ideal. But every minimal right 
ideal is contained in f(J), so that ky E f(J), a contradiction. 
As noted above, Z, must be nilpotent in a ring which satisfies the 
maximum condition on right annihilators. Hence if R satisfies the conditions 
of Theorem 1.6, then J must be nilpotent, Z, must be nilpotent, and Z, must 
be nilpotent (Corollary 1.3). 
Remark. Theorems 1.1 and 1.6 and Corollaries 1.3 and 1.4 would 
remain valid if “right Noetherian” were replaced by “ascending chain 
condition on right annihilators and on ideals.” 
LEMMA 1.8. Let R be a ring in which every principal right ideal is a 
right annihilator. Then N G Z,. 
Proo$ Let y E N and suppose that t E R and R ‘t n e(y) = 0. Then 
P(ty) = E(t), and it follows that t-vR ’ = tR ‘. Hence t = mty + typ = t(my + yp) 
for some integer m and p in R. But since my + yp E N, (my + y~)~ = 0 for 
some positive integer k. Therefore t = t(my + yp)” = 0. 
THEOREM 1.9. If R satisfies the maximum condition on left annihilators 
and if every principal right ideal is a right annihilator, then J and Z, are 
both nilpotent. 
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Proof. If x,R1 zxx,R’ 2 ... is a descending chain of principal right 
ideals, then L(x, R’) s l(x,R ‘) c . . . is an ascending chain of left 
annihilators; hence there is a positive integer n for which e(x,R ‘) = 
!(xntkR ‘) for all positive integers k. Therefore x,R ’ = ae(x, R ‘) = 
4x,,,R’) = xn+k R’ for all positive integers k. Consequently R satisfies the 
descending chain condition on principal right ideals. 
Assume J is not nil. We use a standard approach to show that J must 
contain a nonzero idempotent. Choose x E J such that xR’ is minimal in 
{zR’ : z E J and z is not nilpotent}. Then choose k E R such that kR’ is 
minimal in M = (tR ’ : CR ’ s XR ’ and fx # O} (M # 0, since XR ’ E M). The 
choice of x implies that XR ’ = x2R ‘; it follows that P(x) = [(x2) and hence 
kx2 # 0. The minimality of kR1 then forces kR’ = kxR ‘. Therefore 
k = mkx + kxt = k(mx + xt) for some integer m and t in R. Let b = mx + xt; 
then b E J and k = kb. Now (b2 - b)R ’ is properly contained in XR ‘, since 
k(b2 - b) = 0 and kx f 0; the minimality of XR ’ then shows that b2 - b is 
nilpotent. It is well-known [ 7 J that if b2 - b is nilpotent, then b is nilpotent 
or there is a polynomialf over the integers for whichf(b) is a nonzero idem- 
potent. Since k = kb and k # 0, b is not nilpotent; thus J contains a nonzero 
idempotent f(b), an impossibility. 
So J s iV, and, by Lemma 1.8, Ng Z,; hence J & Z,. Since Z, is nilpotent 
in a ring with the maximum condition on left annihilators, J is nilpotent. 
A similar argument can be used to show that Z, is nilpotent. 
Incidentally, for rings with identity a much shorter proof of Theorem 1.9 
is possible. Faith [3] has shown that a left perfect ring (with identity) which 
satisfies the maximum condition on left annihilators must be semiprimary 
(i.e., R/J must be semisimple and J must be nilpotent). Theorem 1.8 would 
then follow almost directly from this result. 
Remark. It is well-known that Z, must be nil in a ring which satisfies the 
maximum condition on principal left annihilators. Using this fact, we could 
use the same approach as that in Theorem 1.9 to prove the following: if 
every principal right ideal of R is a right annihilator and if R satisfies the 
maximum condition on principal left annihilators, then J and Z, are nil. 
2. SINGULAR IDEALS OF R/N 
In his 1960 paper Goldie [6] proved that the left singular ideal must 
vanish in a semiprime left Goldie ring. More recently Fisher [4] showed that 
if R is a semiprime ring satisfying the maximum condition on left 
annihilators, then the left and right singular ideals both vanish. In this 
section we investigate R/N under the assumption that R satisfies the 
maximum condition on left annihilators. 
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LEMMA 2.1. If R satisfies the maximum condition on left annihilators, 
then R/N has no nonzero nil one-sided ideals. 
Proof Assume I/N is a nonzero nil right ideal. Choose x such that x E I, 
x & N, and e(x) is maximal in (e(b): b E I and b & NJ. 
Let r E R and suppose that xrx @ N. The choice of x and the fact that 
xrx E I then force e(x) = e(xrx). Since xr E 1, xr is nilpotent, so we can 
choose a positive integer n such that (xr)” = 0 and (xr)” ’ # 0. Our 
assumption that xrx 65 N implies n >, 2. Now (xr)“- ‘xr = 0 and hence 
(xr)“-‘xrx = 0; since t(x) = e(xrx), it follows that (XT)“-‘x = 0. If n = 2, 
this last equation yields xrx = 0, a contradiction. If n > 2, we have 
(xr)“-*xrx = 0, which shows that (xr)“-*x = 0. But then (xr)“-‘xr = 0, 
implying (xr)“-1 = 0, a contradiction. Consequently xrx E N for every 
rER. 
Now since xrx E N for every r E R, {xr + N: r E R} must be a nilpotent 
right ideal of R/N. Call this right ideal T. If T = 0, then xR E N and hence 
f(R/N) # 0. But [(R/N) is a nilpotent ideal of R/N and RfN has no nonzero 
nilpotent ideals. If T # 0, then R/N has a nonzero nilpotent right ideal. But it 
is well-known that a semiprime ring can have no nonzero nilpotent right 
ideals (indeed, if C is a nonzero nilpotent right ideal of the ring S, then 
C + SC is a nonzero nilpotent ideal of S). Consequently R/N has no 
nonzero nil right ideals. 
Let K be a nonzero nil left ideal and y + N a nonzero element of K. If 
yr E N for all r E R, then [(R/N) # 0, a contradiction. If yr 6E N for at least 
one r E R, then { yr + N: r E R) is a nonzero nil right ideal of R/N. 
However, our argument above show that R/N has no nonzero nil right 
ideals. 
It follows easily from Lemma 2.1 that a semiprime ring which satisfies the 
maximum condition on left annihilators has no nil one-sided ideals. 
THEOREM 2.2. If R satisfies the maximum condition on left annihilators, 
then Z,(R/N) = 0 and Z,(R/N) = 0. 
Proof. Assume Z,(R/N) # 0. Then ZARIN) is not nil, for R/N contains 
no nil ideals. Therefore we can choose x E R such that x is not nilpotent, 
x + NE Z,(R/N), and E(x) is maximal in {t(b); b + N is a nonnilpotent 
element of Z,(R/N)}. Let x + N = X and R/N = E. If Ez = 0, then a(E) # 0, 
contradicting the fact that j? has no nilpotent ideals. Thus, E% # 0, and, 
since 2 E Z,(R), we must have i% f’7 e(3) # 0. Hence there is an FE B for 
which E # 0 and 7.F’ = 0. Thus, @)5 is a nonzero left ideal of x By 
Lemma 2.1, e(%‘)f is not nil; consequently there exists an element r of R 
such that rx* E N and rx is not nilpotent. Therefore xr is not nilpotent. 
Since xr is not nilpotent and xr + NE Z,(R/N), the choice of x forces 
C(x) = G(xr) = [(xrxr). The choice of x also implies Rx n E(x) = 0, so we 
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must have RxnI(xrxr) = 0. Now since TX&N, rx # 0 and hence 
(rx)(xrxr) # 0. Therefore (rx’)(rx) # 0. Since Rx n P(xrxr) = 0, 
(rx’rx)(xrxr) # 0, i.e., (rx’)‘rx # 0. Continuing, we find that (TX*)” # 0 for 
all positive integers n. Thus rx ’ is not nilpotent, which contradicts the 
statement that rx* E N. 
The proof that Z+(R/N) = 0 is virtually identical. 
The following example, which appeared in [S], shows that Z,(R/Z,) need 
not vanish, even in a ring satisfying the maximum condition on left 
annihilators. 
EXAMPLE. Let R be the ring over the integers generated by the elements 
x1 3 x2 ,..,, subject to the conditions that xjxi = 0 forj > i. Then R satisfies the 
maximum condition on left annihilators. Z, equals the ideal generated by x,, 
whereas x2 + Z, is a nonzero element of Z,(R/Z,). Thus ZkR/Z,) # 0. 
Incidentally, for this ring Z, = 0 and hence Z,(R/Z,) # 0. 
COROLLARY 2.3. If every principal right ideal of R is a right annihilator 
and if R is right Noetherian or satisfies the maximum condition on left 
annihilators, then Z,(R/Z,) = 0 and Z, (R/Z,) = 0. 
ProoJ: In either case Z, is nilpotent, so that Z,C N. By Lemma 1.8, 
NE Z,. Hence N = Z, and the desired conclusion follows from Theorem 2.2. 
For the ring R of Corollary 2.3 we must have J = N. Thus ZXR/J) = 0 
and Z,(R/J) = 0 as well. 
Remark. Note that Theorem 2.2 and its proof remain valid if “maximum 
condition on left annihilators” is replaced by “maximum condition on prin- 
cipal left annihilators.” 
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